Abstract. We construct a covariant closed string field theory by extending recent works on the covariant open string field theory in the proper-time gauge. Rewriting the string scattering amplitudes generated by the closed string field theory in terms of the Polyakov string path integrals, we identify the Fock space representations of the closed string vertices. We show that the Fock space representations of the closed string field theory may be completely factorized into those of the open string field theory. It implies that the well known Kawai-Lewellen-Tye (KLT) relations of the first quantized string theory may be promoted to the second quantized closed string theory. We explicitly calculate the scattering amplitudes of three gravitons by using the closed string field theory in the proper-time gauge.
Introduction
Construction of a finite quantum theory of gravity was the main motivation for theorists to turn towards the string theory [1] as it has become clear that the perturbative theory of gravity based on the quantum field theory [2] [3] [4] is not renormalizable [5, 6] . Given that the spectrum of a free closed string contains the spin two massless particle state, which corresponds to the graviton and the perturbative string theory is expected to be free from ultraviolet divergences, it stands to reason that the string theory should receive attention from theorists as a consistent framework for unifying all quantum theories of fundamental forces, including gravity. In view of this, the closed string field theory is anticipated to be a passage to the finite quantum theory of gravity. However, despite years of effort, construction of a consistent perturbative closed string field theory has not been yet completed.
In this work, we construct the covariant closed string field theory by extending recent works on open string field theory in the proper-time gauge [7] [8] [9] [10] [11] . Following the general study on the classical limit of quantum gravity [12] , the closed string field theory as a consistent quantum theory of gravity should reduce to the classical Einstein gravity in the low energy domain. For a comparison of the proposed closed string field theory with the Einstein gravity, we will calculate the gravitational scattering amplitudes at tree level and show that the closed string field theory correctly reproduces that of the conventional Einstein gravity. In the process of evaluating the string scattering, we also find that the Fock space representations of the closed string field theory are completely factorized into those of the open string field theory in general: This factorization indicates that the KLT [13] relations of the first quantized string theory may be fully extended to the second quantized string theory.
Closed string field theory in the proper-time gauge
The closed string field theory in the proper-time may be formally described by the action
where K = L 0 −i and the second term denotes the closed string interaction as depicted in Fig. 1 In the proper-time gauge we fix the length parameters of three strings as α 1 = α 2 = 1 and α 3 = −2. Because the length parameters can be written in terms of the two dimensional metric on the string worldsheet, fixing the length parameters is equivalent to fixing the metric on the world-sheet by using the reparametrization invariance. The kinetic term is indpendent of the length parameters if we adopt the Fock space representation for the the string field [9] . Although the string field action, describing the off-shell dynamics, may depend on the length parameters, the physical scattering amplitudes, which are generated by the string field action, may be independent of the length parameters.
(3) Figure 1 . Closed string interaction in the proper-time gauge.
Fock space representation of the closed string field theory
Construction of the Fock space representation of the closed string field theory begins with the Schwarz-Christoffel (SC) mapping from the string world-sheet to the complex plane [9] :
The local coordinates ζ r = ξ r + iη r , r = 1, 2, 3 defined on invidual string world sheet patches are related to z as follows,
Then, by using the SC mapping, we may write the the Green's function on the world sheet as follows: 
whereC rs nm is the Fourier components of the Green's function on the string world sheet.
The closed string field theory action generates perturbative string Feynmann diagrams corresponding to the multi-string scattering amplitudes
For three-string scattering W 3 , by employing the oscillatory basis, we obtain the Fock space representation of the three-string-vertex |V [3] : 
Three-graviton scattering amplitude
Having obtained the Fock space representation of the three-closed-string vertex, we shall calculate the three-graviton-scattering amplitude to confirm that the closed string field theory, as a consistent quantum theory of gravity reduces to the Einstein gravity in the low energy domain. We may decompose the masless closed string states h µν α µ −1α ν −1 |0 into the graviton, the anti-symmetric ternsor, and the scalar field states:
For the three-graviton scattering, we choose the symmetric traceless part and write the external string state as
The three-graviton scattering amplitude follows from the explicit expression of the three-string vertex Eq. (5) with the three-graviton state Eq. (7):
where p = p (1) − p (2) . Making use of the Neumann functions of the open string given in Ref. [9] , 
we are able to evaluate the three-graviton amplitude
Repeatedly making use of the covariant gauge condition ∂ µ h µν = 0, which is equivalent to the de Donder gauge condition for the graviton sector,
where κ = g 2 7 ·3
= √ 32πG 10 . A 3G is precisely the three-graviton interaction term of the conventional perturbative Einstein gravity [14] .
Conclusions
By extending recent works on the open string field theory in the proper-time gauge [8] [9] [10] [11] , we constructed a covariant closed string field theory. The closed string field theory generates perturbative three string diagrams, which may be re-expressed in terms of the Polyakov string path-integral. By mapping the three-string world sheet diagram onto the complex plane, we evaluate explicitly the threestring-scattering amplitude and obtain the Fock space representation of the three-string-vertex. For the three-string diagram, we may map the positions of the external strings onto the real line by using the S L(2, C) invariance. Then, it follows that the Fourier components of the closed string Green's function on the string world sheet may be written in terms of those of the open string, i.e., the Neumann functions of the open string. We also find that the Fock-space representation of the closed threestring-vertex may be completely factorized into those of the open string in the proper-time gauge. This factorization of the closed string vertex may be a string field theoretical extension of the KLT relations, previously studied in the first quantized string theory. To confirm that the closed string field theory in the proper-time gauge correctly reduces to the perturbative Einstein gravity, we calculate the three-graviton-scattering amplitude.
More work remains to be done to complete the construction of the covariant closed string field theory in the proper-time gauge: 1) Fock space representations of the general closed string amplitudes should be constructed. 2) We may explicitly evaluate the four-graviton scattering amplitudes. 3) Full extensions of the KLT relations at the level of the second quantized string theory would be certainly among the remaining tasks to be done. We will discuss these subjects in papers sequel to this work.
